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We study an infinite system of particles initially occupying a half-line y ≤ 0 and undergoing
random walks on the entire line. The right-most particle is called a leader. Surprisingly, ev-
ery particle except the original leader may never achieve the leadership throughout the evolution.
For the equidistant initial configuration, the kth particle attains the leadership with probability
e−2k−1(ln k)−1/2 when k  1. This provides a quantitative measure of the correlation between ear-
lier misfortune (represented by k) and eternal failure. We also show that the winner defined as the
first walker overtaking the initial leader has label k  1 with probability decaying as exp[− 1
2
(ln k)2
]
.
I. INTRODUCTION
We are fascinated and inspired by those who started at
the bottom, yet made it to the top. As a toy model ac-
counting for the success or failure, we consider the system
of non-interacting individuals evolving according to in-
dependent identically distributed random processes. The
model does not attempt to mimic realistic social settings,
yet emerging leadership characteristics are subtle, so the
model illuminates potentially counter-intuitive features
that may appear in more realistic situations. As ran-
dom processes, we take independent and identical ran-
dom walks. In this case, the model is close to the models
appearing in the realm of diffusion-controlled processes
[1–4], and it also mimics the search of a target by a swarm
of diffusing particles (see [5] and references therein).
Our model posits that every individual possesses an at-
tribute (like popularity or wealth) varying according to a
random process. We further assume that each attribute is
a scalar quantity and postulate that all random processes
are identical random walks. The details of the random
walk process are not important (it could be a Brown-
ian motion, a continuous time random walk on the line
or one-dimensional lattice, a discrete in space and time
random walk). What is important is that random walks
are assumed to be independent. Achieving the leader-
ship at a certain time(s) is classified as a success, failing
to achieve the leadership throughout the entire evolution
is the failure. Our model is arguably the simplest social
dynamics process allowing one to explore the leadership
characteristics.
The precise definition of the model is as follows. De-
note by yj(t) the value of the attribute possessed by the
jth individual at time t. We shall think about yj(t) as the
position of the jth particle. Particles undergo identical
random walks (or Brownian motions). We label parti-
cles in such a way that initially y1(0) > y2(0) > . . .. By
definition, the larger yj(t), the more successful the j
th in-
dividual is at time t. The jth particle is called the leader
at time t if yj(t) > yk(t) for all k 6= j. If a particle has
never achieved the leadership throughout the evolution,
0 < t <∞, we consider its history as an eternal failure.
For two random walkers, the initial laggard surely
catches the leader and the leap-frogging between the ran-
dom walkers continues indefinitely. This is the basic fea-
ture of one-dimensional random walks [1, 4, 6]. External
failure is impossible for finite systems: Every random
walker attains the leadership on infinitely many occa-
sions and enjoys the leadership during an infinitely long
time. The surprising result which we derive below is that
eternal failure is possible in an infinite system. Further-
more, the eternal failure is the rule rather than exception
— although infinitely many random walkers achieve the
leadership, the fraction of such walkers is infinitesimal.
Denote by Qk the probability that the k
th particle has
attained the leadership throughout its entire evolution
history. In an infinite initially strictly ordered system,
y1(0) > y2(0) > . . ., the probabilities Qk constitute a
strictly decreasing sequence:
1 ≡ Q1 > Q2 > Q3 > · · · (1)
The first particle is initially the leader, so Q1 = 1. The
inequalities Qk < 1 for all k ≥ 2 can be deduced, as
we argue below, from well-known properties of Brownian
motions such as the law of the iterated logarithm. The
non-strict monotonicity, Qk ≥ Qk+1 for all k ≥ 1, is obvi-
ous. Proving that for an arbitrary strictly ordered initial
configuration the probabilities Qk constitute a strictly
decreasing sequence remains a challenge, although the
validity of (1) seems clear.
Another general feature of the success probabilities Qk
is the limiting behavior
lim
k→∞
Qk = 0 (2)
This limiting behavior should certainly hold at least for
non-pathological initial configurations spanning over the
entire half-line.
We mostly focus on the equidistant initial configura-
tion. We argue that in this situation the probabilities Qk
exhibit a peculiar asymptotic decay
Qk ' e−2k−1(ln k)−1/2 when k  1 (3)
This provides a quantitative version of (2) in the specific
case of the equidistant initial configuration. Equation
(3) implies that among the first N particles, the average
number of those who have ever achieved the leadership
exhibits an anomalously slow 2e−2
√
lnN growth in the
N →∞ limit. This asymptotic quantifies the assertions
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2that (i) infinitely many random walkers achieve the lead-
ership, and (ii) the fraction of such walkers is infinitesi-
mal.
We emphasize that despite the lack of interactions, the
leadership characteristics are subtle and mostly unknown
even for systems of a few random walkers (see [7–17] and
references therein). The infinite system is somewhat sim-
pler and e.g. the inequalities Qk < 1 for k ≥ 2 are easy to
appreciate as we show below. This strict inequality may
be summarized by an adage: not a leader may never be-
come a leader.
We now derive (3) for the equidistant initial configu-
ration. We shall also look at the identity of the winner
defined as the random walker which first overtakes the
initial leader.
II. ETERNAL FAILURE
Consider an infinite system of random walkers ini-
tially distributed uniformly with density ρ on the half-
line y < 0 and undergoing identical Brownian motions
with diffusion coefficient D. The initial density profile
n(y, t = 0) =
{
0 y > 0
ρ y ≤ 0 (4)
evolves into
n(y, t) =
ρ
2
Erfc
(
y√
4Dt
)
(5)
where Erfc(η) = 2√
pi
∫∞
η
du e−u
2
is the error function.
The average number of particles on the half-line y ≥ x
is
∫∞
x
dy n(y, t). Equating this number to unity gives an
estimate of the position of the leader z(t):∫ ∞
z(t)
dy n(y, t) ∼ 1 (6)
Plugging (5) into (6) we obtain
ρz(t) '
√
2τ ln τ , τ = ρ2Dt (7)
when τ → ∞. The position of the leader is a random
quantity that becomes more and more deterministic as
τ → ∞, viz. the ratio of its standard deviation to the
average vanishes as τ →∞. More precisely:
〈z〉 ' ρ−1
√
2τ ln τ ,
√〈z2〉 − 〈z〉2
〈z〉 ∼
1
ln τ
(8)
The gap g(t) between the leader and the following par-
ticle exhibits the same average growth as the standard
deviation of the position of the leader:
〈g(τ)〉 ∼ ρ−1
√
τ
ln τ
This estimate can be extracted from the criterion∫ z(t)
z(t)−g(t)
dy n(y, t) ∼ 1
Therefore z(t) is an asymptotically deterministic quan-
tity growing (for t  1) as z = ρ−1√2τ ln τ . The above
rather heuristic treatment can be made rigorous. A com-
prehensive description of the distribution of the position
of the leader, the gap, etc. is presented, e.g., in Ref. [18].
To prove that Qk < 1 for k ≥ 2 we employ the law
of the iterated logarithm [6] describing moderate devia-
tions of a random walk. Take a random walk and the
boundary receding as C
√
4Dt ln(ln τ). The law of the
iterated logarithm asserts that for C < 1 and arbitrary
T , the random walk surely crosses the boundary at some
t > T ; for C > 1, the probability of crossing at some
t > T decays to zero when T →∞.
In our problem, the role of the deterministically re-
ceding boundary is played by the position of the leader.
This position is a random quantity (as well as the iden-
tity of the leader). However, the position of the leader is
asymptotically deterministic, see Eq. (8). Therefore we
can use the law of the iterated logarithm. The position
of the leader advances much faster than the threshold re-
ceding appearing in the law of of the iterated logarithm:√
2τ ln τ  2√4τ ln(ln τ). Hence the law of the iterated
logarithm implies that Qk < 1 for k ≥ 2.
Take now the kth particle with k  1. The probability
Qk(t) that this particle becomes the leader during the
time interval (0, t) increases as
dQk(t)
dt
= −D ∂Pk(t, z)
∂z
(9)
where Pk(t, z) is the probability density that the parti-
cle initially located at yk(0) = −ρ−1k is at position z(t)
for the first time during time interval (0, t). This proba-
bility density can be taken as the unperturbed Gaussian
distribution
Pk(t, z) =
1√
4piDt
exp
{
− (z + ρ
−1k)2
4Dt
}
(10)
The calculation scheme (9)–(10) is an approximation that
should become asymptotically exact when k → ∞. The
ultimate probability is
Qk ≡ Qk(∞) =
∫ ∞
0
dt
dQk(t)
dt
(11)
Using (9)–(10) and changing variables from t to Z = ρz
we transform (11) to
Qk =
1√
pi
∫ ∞
1
dZ
√
lnZ eFk(Z) (12)
where
Fk(Z) = ln
(
Z + k
Z2
)
−
(
Z + k
Z
)2
lnZ (13)
3Solving dFk(Z)dZ = 0 we find that Fk(Z) reaches the max-
imum at
Z = kζ, ζ = ln k + ln(ln k) + . . . (14)
Near this maximum
Fk = −2ζ − 2− (Z − kζ)
2
(kζ)2
+ . . . (15)
Plugging (15) into (12) and computing the Gaussian in-
tegral we arrive at the announced asymptotic (3).
The convergence to the asymptotic (3) is very slow
since the sub-leading term differs from the leading term
by the factor that vanishes as ln(ln k)ln k . Note that the quan-
tities Qk do not depend on the initial density ρ and the
diffusion coefficient D. This is a general feature that can
be appreciated on dimensional grounds: The probabili-
ties Qk are dimensionless, while the quantities ρ and D
have independent dimensions.
We now briefly comment on finite systems. The eter-
nal failure becomes impossible [19], a particle which is
not the initial leader would not attain the leadership dur-
ing the time interval (0, t) with probability decaying as
t−ψN in the t → ∞ limit. The amplitudes depend on
the label k = 2, . . . , N and details of the initial condi-
tion, while the persistence exponent ψN depends only
on the number of particles N . Two persistence expo-
nents are known: ψ2 =
1
2 , ψ3 =
3
8 . The exponent
ψ2 = 1/2 is the classical first passage exponent [1]. The
exponent ψ3 =
3
8 can be derived by combining three inde-
pendent one-dimensional Brownian motions into a single
three-dimensional Brownian motion y = (y1, y2, y3). The
probability that y remains in the region where y3 < y2
or y3 < y1 is just the probability for a Brownian mo-
tion to remain in a wedge with opening angle 4pi/3. This
probability is known to decay as t−pi/2θ (see [1]) in the
general case of the wedge with opening angle θ, leading
to ψ3 = 3/8 in the case of θ = 4pi/3.
The value of ψ4 is known numerically [13, 16, 17], the
most precise value ψ4 ≈ 0.3076360 was recently found in
Ref. [17] through the mapping onto a related electrostatic
problem. We finally note the asymptotic behavior
ψN =
lnN
N
− ln(lnN)
2N
+ . . .
of the persistence exponent established in [13].
III. WINNERS
Let us treat the initial leader as a target. This leader
will be surely overtaken, and we seek the identity of the
winner, namely the label k of the random walker that
first catches the initial leader, and also the time when this
happens. Let Wk be the probability that the k
th walker
is the winner. Similarly to (1) and (2) we anticipate that
these probabilities are strictly ordered
1 > W2 > W3 > · · · (16)
and
lim
k→∞
Wk = 0 (17)
The inequalities Wk < Qk follow from the definitions
of Wk and Qk. We also mention the obvious sum rule∑
k≥2Wk = 1. The challenge is to determine the asymp-
totic behavior of Wk.
In the extreme situation when the initial leader is im-
mobile, y1(t) = 0, the probabilities Wk have been estab-
lished in Ref. [23]. Our problem is more complicated.
Indeed, the natural idea of treating xk = y1 − yk for
k ≥ 2 as coordinates of auxiliary particles does not re-
duce our problem to the one studied in [23] because the
auxiliary particles undergo correlated motions. This lack
of correlations in the case of the stationary target allows
to obtain [23] exact predictions for Wk for all k ≥ 2. In
the case of the diffusing target, it is not clear how to
derive an explicit exact expression even for the simplest
probability W2. Similarly to external probabilities stud-
ied in Sect. II it is possible, however, to establish the
asymptotic behavior of Wk.
In our derivation, we use the probability P (1, t) that
the original leader maintained the lead throughout the
time interval (0, t). The asymptotic decay of this quan-
tity is known [10, 11]:
P (1, t)  exp[− 18 (ln τ)2] (18)
(The notation A(t)  B(t) means the asymptotic equal-
ity of the logarithms: limt→∞
lnA(t)
lnB(t) = 1.)
We now determine the asymptotic behavior of Wk.
The particle with label k  1 will be the winner if (i)
the target was not caught for a long time; and (ii) at the
moment when the kth particle overtakes the target, it is
close to z(t). The same argument as in deriving (9)–(11)
together with Eq. (18), which turns into exp
[− 12 (lnZ)2]
in terms of Z, lead to an estimate
Wk 
∫ ∞
1
dZ
√
lnZ eGk(Z) (19)
with
Gk(Z) = Fk(Z)− 1
2
(lnZ)2 (20)
and Fk given by (13). The quantity Gk(Z) reaches the
maximum at
Z = k
(√
3 + 1
)
+
Ck
ln k
+ . . . (21)
and the maximum value is
Gmaxk = −
1
2
(ln k)2 + C1 ln k + . . . (22)
leading to
Wk  exp
[− 12 (ln k)2] (23)
4One can compute the amplitudes in (21)–(22) and also
expand Gk near the maximum and determine the Gaus-
sian integral. This gives an algebraic O(kµ) pre-factor
to the asymptotic (23). We do not write this pre-factor
since the pre-factor in (18) is unknown, and it probably
also leads to an algebraic pre-factor. The decay law (23)
is fast, namely faster than any power-law, but it is much
slower than the lnWk ∼ −k2/3 decay arising in the case
of the stationary target [23].
If the winner has label k  1, the time of the capture
is found from Z =
√
2τ ln τ and (21) to give
τk =
k2
ln k
(
1 +
√
3
2
)
(24)
This time is asymptotically deterministic. In the case
of the stationary target the characteristic hitting time
grows slower, viz. it scales as k4/3, see [23].
The search of an immobile target by a swarm of diffu-
sive searches has been studied in numerous publications,
see [24–34] and [5] for a review. The problem with a
mobile target is much more challenging and exact treat-
ments appear to be impossible, but the asymptotic be-
haviors are often essentially the same as in the case of the
immobile target if the searches are uniformly distributed
throughout the entire space. The mobility of the target
is crucial in the inhomogeneous settings, particularly in
one dimension with a one-sided distribution of searches.
Let us briefly look at the situation when the diffusion
coefficient of the target, D > 0, may differ from the dif-
fusion coefficient D of the searches. The probabilities Qk
depend on the ratio δ = D/D, yet e.g. the asymptotic
behavior (3) remains the same as long as δ > 0. The
asymptotic behavior of the probabilities Wk is slightly
affected. Indeed, the generalization of the asymptotic
(18) reads P (1, t)  exp[− 18δ (ln τ)2], see [11]. The same
analysis as before yields
Wk  exp
[− 12δ (ln k)2]
τk =
k2
ln k
(
δ +
√
δ2 + 2δ
2
)2
(25)
Thus the ratio δ = D/D only quantitatively affects the
asymptotic behaviors of Wk and τk. Only when the ratio
vanishes, that is, the target is immobile, the qualitatively
different behavior emerges.
IV. CONCLUDING REMARKS
We have investigated the leadership characteristics of
an infinite system of one-dimensional random walkers ini-
tially occupying the half-line. We have analyzed eternal
properties quantifying the entire evolution history, specif-
ically the probabilities Qk to ever achieve the leadership.
These probabilities decay in a peculiar manner, Eq. (3).
It is not clear how to derive an explicit exact expression
even for the simplest such quantity Q2. The justification
of (1)–(2) for an arbitrary initial configuration, strictly
ordered and spanning over the entire line, is another ob-
vious challenge.
Looking at the problem from a different angle, we have
treated the initial leader as the target and other random
walkers as the searches and examined the identity of the
winner (the first random walker catching the target) and
the time when this capture happens. Similarly to the sit-
uation with Q2, explicit exact results seem impossible to
derive already for W2 and τ2. The asymptotic behaviors
of Wk and τk can be probed analytically, although the
asymptotic (23) for Wk gives only the dominant factor
and hence it is significantly less precise than the asymp-
totic (3) for Qk. We have also derived asymptotic results
for Wk and τk when the diffusivities of the target and
searches differ, Eq. (25).
The apparent simplicity of the infinite system of non-
interacting random walkers is misleading, the leadership
characteristics are subtle and many basic questions re-
main unanswered. We have focused on the determinis-
tic initial condition, namely the evolution starting from
the equidistant configuration of random walkers. Differ-
ent results emerge for annealed initial conditions, namely
when we average over all initial conditions with uniform
density. This is well-known in the case of the immo-
bile target: The probability that the target has not been
captured is S(t) = exp
[ − pi−1/2√τ] in the annealed
case, while in the equidistant case the decay is faster,
S(t)  exp[ − Λ√τ] with Λ > pi−1/2, see [23]. The
asymptotic behaviors of Qk and Wk in the annealed case
are unknown.
The problem with stationary target has been reformu-
lated [34] using large deviation techniques, more precisely
a macroscopic fluctuation theory (MFT), see [35] for a
review of the MFT. This reformulation reproduces pre-
viously known results for the survival probability of the
immobile target and additionally predicts the most prob-
able evolution of the density of random walkers resulting
in the very long survival of the target. It would be in-
teresting to extend the analysis [34] to the case of the
mobile target survived during a long time.
In this work, we have studied eternal leadership charac-
teristics. Understanding the temporal behaviors is an ob-
vious direction for future work. For instance, one would
like to establish the average total number of different ran-
dom walks achieving the leadership during the long time
interval (0, t). The relaxation characteristics, e.g., the
long time decay of Qk(∞)−Qk(t), are also interesting.
I am grateful to Eli Ben-Naim, Baruch Meerson and Sid
Redner for discussions.
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